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Abstract 

In this paper, we study the well-posedness in critical Besov spaces for two-fluid 
Euler-Maxwell equations, which is different from the one-fluid case. We need to 
deal with the difficulties mainly caused by the nonlinear coupling and cancelation 
between two carriers. Precisely, we first obtain the local existence and blow-up 
criterion of classical solutions to the Cauchy problem and periodic problem per- 
taining to data in Besov spaces with critical regularity. Furthermore, we construct 
the global existence of classical solutions with aid of a different energy estimate (in 
comparison with the one-fluid case) provided the initial data is small under certain 
norms. Finally, we establish the large-time asymptotic behavior of global solutions 
near equilibrium in Besov spaces with relatively lower regularity. 
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1 Introduction 



As an un-magnetized plasma is operated under some high frequency conditions (such as photo- 
conductive switches, electro-optics and high-speed computers, etc.), electromagnetic fields are 
generated by moving electrons and ions, then the two carriers transport interacts with the propa- 
gating magnetic waves. In this case, the transport process is typically governed by Euler-Maxwell 
equations, which take the form of Euler equations for the conservation laws of mass density and 
current density for carriers, coupled to Maxwell's equations for self-consistent electromagnetic 
fields. By some appropriate re-scaling, the two- fluid compressible Euler-Maxwell equations are 
written, in nondimensional form, as (see, e.g., |14j ) 

d t n± + V • (n±u±) = 0, 

d t (n±u±) + V • (n±u± ® u±) + Vp±(n±) = z \ 1 n±(E + eu± x B) - n±u±/r±, 
< e\ 2 d t E -V x B = e(n + u + - n_u_), (1.1) 
ed t B + V x E = 0, 
A 2 V • E = n_ - n+, V • B = 0. 

for (t,x) G [0,+oo) x fi(fi = R N or T N , N = 2,3). Here the unknowns n± = n±(t,x) > 
0,u± = u±(t,x) G 0, respectively, stand for densities and velocities of the electrons (+) and 
ions (— ). E = E(t,x) G $7 and B = B(t,x) 6 SI denote the electric field and magnetic field, 
respectively. The pressure functions p±(-) satisfy the usual 7-law: p±(n±) = A±n±, where 
A± > are some physical constants and the adiabatic exponent 7 > 1. t± are the (scaled) 
constants for the momentum-relaxation timed of electrons and ions, and A > is the Debye 
length, c = (eofo) ~ 5 > is the speed of light, where eo and vq are the vacuum permittivity and 
permeability. Setting e = \. The parameters t±,X and e arising from nondimensionalization 
are independent each other, and they are assumed to be very small compared to the reference 
physical size. In this paper, we set these physical constants to be one. 

It is not difficult to see below in the text that the Euler-Maxwell equations (|l-ip consist 
of a quasi-linear symmetrizable hyperbolic system, the main feature of which is the finite time 
blow-up of classical solutions even when the initial data are smooth and small. Hence, the 
qualitative study and device simulation of (jl.ip are far from trivial. The primary objective of 
this paper is to establish the global well-posedness for the corresponding Cauchy problem and 
periodic problem. For this purpose, (jl.ip is equipped with the following initial data 

(n±,u±,E,B)(x,Q) = (n± ,u±o,E ,B )(x) (1.2) 

satisfying the compatible conditions 

V • E Q = n_ - n +0 , V • B = 0, x G Q. (1.3) 

In the past years, the Euler-Maxwell equations have attached much attention. In one space 
dimension, using the Godunov scheme with the fractional step together with the compensated 
compactness theory, Chen, Jerome and Wang [1] constructed the existence of a global weak 
solution to the initial boundary value problem for arbitrarily large initial data in L°°. Assuming 
initial data in Sobolev spaces i? s (]R 3 ) with higher regularity s > 5/2, a local existence theory 
of smooth solutions for the Cauchy problem of Euler-Maxwell equations was established in [10] 
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by the author's modification of the classical semigroup-resolvent approach of Kato [TT]. Subse- 
quently, the global existence and the large time behavior of smooth solutions with small pertur- 
bations were obtained by Peng, Wang and Gu [18] , Duan [6j [7] , Ueda, Wang and Kawashima 
[211 122j . In addition, the asymptotic limits such as the non-relativistic limit (e — > 0), the quasi- 
neutral limit (A —> 0) and the combined non-relativistic and quasi-neutral limits (e = A — >• 0) 
have been justified by Peng and Wang [1511161 IT?] . The reader is also referred to [25] for combined 
diffusive relaxation limits and [19] [2U] for WKB asymptotics; and references therein. 

Up to now, the study for Euler-Maxwell equations in several dimensions are still far from 
well known in the framework of critical spaces. Recently, using the low- and high-frequency 
decomposition arguments, we constructed uniform (global) classical solutions (around constant 
equilibrium) to the Cauchy problem of one-fluid Euler-Maxwell system in Chemin-Lerner spaces 
with critical regularity. Furthermore, based on the Aubin-Lions compactness lemma, it is justi- 
fied that the (scaled) classical solutions converge globally in time to the solutions of compressible 
Euler-Poisson equations in the process of nonrelativistic limit and to that of drift-diffusion equa- 
tions under the relaxation limit or the combined nonrelativistic and relaxation limits, see [23] . 

In the present paper, we extend those results in [23J to the two-fluid Euler-Maxwell equa- 
tions (jl.ip . More precisely, we consider the perturbation near the constant equilibrium state 
(1, 0, 1, 0, 0, B)(B G O) which is a particular solution of the system (jl.ip - (jl.2p . and achieve local 
well-posedness for general data and global well-posedness for small data. It should be pointed 
out that (jl.ip is different from the one-fluid case and this extension is not trivial. We are faced 
with new difficulties arising from the more complicated nonlinear coupling and cancelation be- 
tween two carriers. For instance, the expected dissipation rates for the densities of electrons 
and ions are absent in whole space M N , and we only capture the weaker dissipation ones from 
contributions of (Vn+, Vn_) and n + — n_. Therefore, in order to close the "a priori" estimates 
in critical spaces, new techniques in comparison with [23j are adopted. Indeed, we perform the 
homogeneous blocks rather than the inhomogeneous blocks to localize the symmetric system, as 
one captures the dissipation rate for velocities. Furthermore, the elementary fact established in 
the recent work [24], which indicates the relations between homogeneous Chemin-Lerner spaces 
and inhomogeneous Chemin-Lerner spaces, will been used. In addition, different from that in 
[23j , we modify the nonlinear smooth function arising from the symmetrization a little such that 
h(0) = h'(0) = 0, then we take full advantage of the continuity for compositions in space-time 
Besov spaces (Chemin-Lerner spaces) which is a natural generalization from Besov spaces to 
Chemin-Lerner spaces, to estimate the cancelation of densities between two carriers effectively. 
For above details, see Sect. El Lemma l4~Tll4.2l and Proposition 15. HIB31 

To state main results more explicitly, we first introduce the functional spaces 

^(B' r (n)):=L§?(B' r (n))nC([0,T],S' r (I2)) 

and 

^(fl' r (n)) := {/ g c\[o,t\, B s Ptr (n))\d t f g L§?(s- r (n))}, 

where the index T > will be omitted when T = +oo, the reader is referred to Definition 12.11 
below for Chemin-Lerner spaces. 

Throughout this paper, let us denote by s c the critical number 1 + N/2. First of all, we 
give the local existence and blow-up criterion of classical solutions to (|l.ip - ([1.2p away from the 
vacuum. 
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Theorem 1.1. Let B G f2 be any given constant. Suppose that n±o — 1,u±q,E$ and Bq-Bg 
B^ii^l) satisfy n±o > and the compatible conditions $1.3\) . Then there exists a time To > 
such that 

(i) Existence: the system il.l]) - [TJ^) has a unique solution (n±,u±, E, B) G C 1 ([0, To] x Q) 
withn± >0for all t G [0,T ] and (n± — 1, u±, E,B — B) G C^^B^Q)) n C^ Q (B^ 

(ii) Blow-up criterion: if the maximal time T*(> To) of existence of such a solution is finite, 
then 

limsup||n±(t,-) - l,u±{t, ■), E(t, ■), B(t, ■) - B\\ B *c (n) = oo 

if and only if 

[ ||(Vn±,Vu±,VE,VB)(t J .)IU~(n)<ft = oo. 
J o 

Remark 1.1. Recently, Xu and Kawashima |24j have established a general theory on the well- 
posedness of generally symmetriable hyperbolic systems in the framework of critical Chemin- 
Lerner spaces, which is regarded as the generalization of the classical local existence theory of 
Kato and Majda [IT] [12]. As a matter of fact, the results are also adapted to the periodic case. 
As in Sect. [31 we see that (II. ip is transformed into a symmetric hyperbolic system equivalently. 
Hence, the general theory can be applied to the Euler-Maxwell equations. It is worth noting that 
the blow-up criterion of classical solutions to the Euler-Maxwell equations is obtained firstly in 
the present paper. 

In small amplitude regime, we establish the following global well-posedness to ()l.l[) - f)1.2|) in 
critical spaces. 

Theorem 1.2. Let B £ Q be any given constant. Suppose that (n±o — l,u±o,Eo,Bo — B) G 
B^ii^l) satisfy the compatible conditions il.3\) . There exists a positive constant 5q such that if 

||(n± - l,u± ,E ,B - B)|| B |c(n) < <*o, 
then the system ( fi. j)) -( TOj) admits a unique global solution (n±,u±, E, B) satisfying 

(n±,u±,E,B) G ^([0,00) x O) 

and 

(n± - l,u±,E,B - B) G C(B^ 1 (0))nC 1 (B| c f 1 (0)). 
Moreover, there are two positive constants /io a^rf Co swc/i t/iai 
(%) w/ien SI = M^, it yields the following 

|| (n± - l,u±,E,B - B)||£»( B |c 

+/i {||(n + - n-,«±)||£2 ( ^e (n)) + ll(Vn±,£)|| Z2(Bj c-i {n)) + ll VB lb(B-«r 2 (n))} 

< Co || (n±o-l,«±o,£t),Bo- 5)[|^c (n) ; (1.4) 
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(ii) when n = T , we further set n±o = 1, it yields the following 
|| (n± - l,u±,E,B- B)\\ loc{B s c ^ n)) 

+tM){\\(n± - l,«±)||£2 (jB |c (n)) + l|- B IIZ2 (B »C i -l (fi)) + ||V5|| Z2(B ,e-2 (Q)) } 

< C ||(n ±0 - l,«± ,-^o,^o - 5)|| B jc i(n) , (1.5) 
where f denotes the mean value of f(x) over T N , that is. 

f = Tfm I f( x ) dx - 



T JV 



Remark 1.2. Following from approaches in the current paper, the well-posedness results to 
the Cauchy problem and periodic problem pertaining to data in the supercritical Besov spaces 
Bp r (Q)(s > s c ,p = 2, 1 < r < oo) can be also established. Furthermore, the fact that Sobolev 
spaces H s (£l) := £?| 2 ($7) allows the results to be also true in the usual Sobolev spaces with 
s > s c . 

Remark 1.3. In the whole space, the energy inequality (|1.4|) is not so surprising in comparison 
with the one-fluid case as in [23], however, it is indeed different. Due to the nonlinear coupling 
and cancelation between two carriers, the dissipation rates of (n+,n_) does not appear in (jl.4j) 
any more, and the dissipation rates from n + — n_ and (Vn + , Vn_) are available only. In this 
case, to overcome the technical difficulties occurring in the a priori estimates, some useful facts 
in Chemin-Lerner spaces are developed. It is worth noting that the dissipation rate of (n + ,n_) 
itself in the periodic case can be obtained, see the proof of Theorem ll.2i Besides, from (|1.4p - (|1.5p . 
we see that there is a "1-regularity-loss" phenomenon for the dissipation rates of electromagnetic 
field (E, B). 

As a direct consequence of Theorem 11.21 we obtain the large-time asymptotic behavior of 
global solutions near the equilibrium state (1,0, 1,0,0,5) in some Besov spaces. 

Corollary 1.1. Let (n±,u±, E, B) be the global-in-time solution in Theorem it holds that 
(e>0) 

\\n + (t,-) - n-(t, -),u±(t, OIIbjc-s^ ->■ 0, 
ll-E^OIIsie-i-^n) -> 0, \\B(t,-) - B|| B ,e-a-« (n j -> 0, 

2N 

ll n ±(^5 - ) — ^lliJ^ c 1 _e (T iv ) ~~ ^ ^' 

as the time variable t — > +oo. 

Remark 1.4. Recalling the Corollary 5.1 in [9], we omit details of the proof of Corollary 11.11 
since they are similarly followed by the Gagliardo-Nirenberg-Sobolev inequality (see, e.g., [8]) 
and interpolation arguments. In addition, from the embedding B^ 6 > B^ ~ e (N = 3), we 
know that the large-time asymptotic behavior of densities n± in the whole space case is weaker 
than that in the periodic case. 



moreover, 



\n±(t,-) -l\\ B so-i-e (RN ^0 [P=— T — o> N>2 
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Remark 1.5. Following from the similar manners, the corresponding results can be obtained 
for non-isentropic two-fluid Euler-Maxwell equations, which include the temperature transport 
equations of carriers rather than the assumed pressure-density relations as in (jl.ip only. Let 
us mention that the dissipation rates of temperatures will behave as that of velocities, that is, 
there is no regularity-loss phenomenon for temperatures. 

The rest of this paper unfolds as follows. In Sect. [2j we briefly review some useful properties 
on Besov spaces. In Sect. El we establish the local existence and blow-up criterion for the 
Euler-Maxwell equations (jl.ip . Sect. H]is devoted to the global existence of classical solutions in 
critical spaces. In the last section (Sect. [5]), we remark a natural generalization on the continuity 
of composition functions in Chemin-Lerner spaces. 



2 Littlewood-Paley theory and functional spaces 

Throughout the paper, / < g denotes / < Cg, where C > is a generic constant, f ~ g 
means / < g and g < /. Denote by C([0,T], X) (resp., C 1 ([0,T],X)) the space of continuous 
(resp., continuously differentiable) functions on [0,T] with values in a Banach space X. Also, 
||(/, g, h)\\x means ||/||x + \\g\\x + H^Hx, where f,g,h G X. (f,g) denotes the inner product of 
two functions /, g in L 2 (W N ). 

In this section, we briefly review the Littlewood-Paley decomposition and some properties 
of Besov spaces. The reader is also referred to, e.g., [21 [5] for more details. 

Let us start with the Fourier transform. The Fourier transform / of a L 1 -function / is given 

by 

?f= I f(x)e- 2 ™<dx. 

More generally, the Fourier transform of any / G S' , the space of tempered distributions, is 
given by 

{Ff,g) = {f,Fg) 

for any g G S, the Schwartz class. 
First, we fix some notation. 

S = U G 5, d a Tf(0) = 0, Va G N w multi-index}. 

Its dual is given by 

S = S'/V, 

where V is the space of polynomials. 

We now introduce a dyadic partition of R N . We choose (j)o G S such that </>o is even, 

supp</»o := A) = G ^ N : \ < |£| < |}, and O > on A . 
Set A q = 2 g Ao for g£Z. Furthermore, we define 

cf> q (0 = Mz~ q 
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and define $ 9 G 5 by 



m q (0 



MO 



T. q & MO' 

It follows that both F& q (£) and & q are even and satisfy the following properties: 
T$ q (0 =T$ (2~ q O, supp T$ q (0 c A q , $,(x) = 2^<D (2' ? x) 

and 

^ 9lu 1 o, if e = o. 

q=— oo v 

As a consequence, for any / £ S' , we have 

oo 

E ***/ = /■ 

g=— oo 

To define the homogeneous Besov spaces, we set 

\f = &q*f, ? = 0,±1,±2,... 
Definition 2.1. For s£K and 1 < p, r < oo, £/ie homogeneous Besov spaces Bp r is defined by 

B* >r = {/ G Sq : ||/|| %r < oo}, 

w/iere 



1/r 



r < oo, 



P ' [sup, eZ 29»||A,/|| L p, r = oo. 
To define the inhomogeneous Besov spaces, we set ^ G Cg^R^) be even and satisfy 

oo 

t*(o = 1-^2^(0- 

q=0 

It is clear that for any f £ S', yields 

oo 
g=0 



We further set 



0, 



3 < "2, 



A,/= <( **/, j = -l, 

J = 0, 1, 2, ... 

Definition 2.2. For s£l anc? 1 < p, r < oo, the inhomogeneous Besov spaces Bp r is defined 
by 

B^ r = {feS': \\f\\ Bkr < oo}, 



where 



l/r 



(E~-i( 29S H A ? /ll^r)" , r<oo, 
sup ? >_i2« s ||Aq/|| L p, r = oo. 
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Let us point out that the definitions of B pr and B pr does not depend on the choice of the 
Littlewood-Paley decomposition. Now, we state some basic properties, which will be used in 
subsequent analysis. 

Lemma 2.1. (Bernstein inequality) Let k £ N and < R\ < i?2- There exists a constant C, 
depending only on R\,R2 and N , such that for all 1 < a <b < oo and f £ L a , 

Supp^/ C {£ G R N : |e| < RiX} sup \\d a f\\ Lb < C k+l \ k+d ^-\) \\f\\ La - 

\a\=k 

Supp-F/ C {£ € R N : RiX < |e| < i? 2 A} => C-^A^I/IIl- < sup ||0°7||l« < C fc+1 A fc ||/|| La . 

I«l=fc 

As a direct corollary of the above inequality, we have 
Remark 2.1. For all multi-index a, it holds that 

^II/II^+h<II^/II^ <qi/ll^+H; 
II^/IIb^^cii/ii^h. 

The second one is the embedding properties in Besov spaces. 
Lemma 2.2. Let s £ R and 1 < p,r < oo, t/ien 
(%) lfs>0, then B^ r = U> n fl* (P ; 

(2) If S < s, then B s p r ^ B; f ; 

(3) If 1 < r < f < oo, tfien S» r f and B* r B* p ; 

W // 1 < P < P < oo, then B* r ^ B~ r v p ' and B s p>r B~ r ' p 

(5) B%* ^ Co, B^ ^ Cb(l < p < oo); 

where Cq is the space of continuous bounded functions which decay at infinity. 

On the other hand, we also present the definition of Chemin-Lerner space-time spaces first 
introduced by J.-Y. Chemin and N. Lerner [3], which are the refinement of the spaces L^(Bp r .) 
or L e T {B s pr ). 

Definition 2.3. For T > 0, s £ R, 1 < r, 9 < oo, the homogeneous mixed time-space Besov 
spaces L e T {Bp r ) is defined by 

L e T (B s p , r ) := {/ £ L e (0,T;S' ) : \\fk U6 }, r ) < +oo}, 

where 

ii/iiz^i.) {T,w\\**fHiL»r)* 

q&Z 

with the usual convention if r = oo. 
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Definition 2.4. For T > 0, s E R, 1 < r, 9 < oo, the inhomogeneous mixed time-space Besov 
spaces Lj,(Bp r ) is defined by 

L e T (B s p , r ) ■= {/ E L e (0,T;S') : (B|>r) < +oo}, 

where 

3>-l 

TOi/i i/ie usual convention if r = oo. 

Next we state some basic properties on the inhomogeneous Chemin-Lerner spaces only, since 
the similar ones are true in the homogeneous Chemin-Lerner spaces. 

The first one is that L^(Bp T ) may be linked with the classical spaces L^(Bp r ) via the 
Minkowski's inequality: 

Remark 2.2. It holds that 

Let us also recall the property of continuity for product in Chemin-Lerner spaces L^p{B s p r ). 
Proposition 2.1. The following inequality holds: 

\\f9\\~ L e T{B s r) < C(ll/ll L ^ (L co)lbllz5. (B . |p) + l|5ll 4 3 (L-) ll/ll 4 4 (B|, r ) ) 
whenever s > 0, 1 < p < oo, 1 < 0, 9\,02, 03, #4 < oo and 

1 _ 1 1 1 1 

# 9\ 62 O3 64 

As a direct corollary, one has 

ll/#HZ*(B|, r ) ^ C ll/llz^(B^)ll5llz^(B, r ) 

whenever s > d/p, ^ = ^- + ^. 

In the next symmetrization, we meet with some composition functions. The following con- 
tinuity result for compositions is used to estimate them. 

Proposition 2.2. ([1]) Let s > 0, 1 < p,r,9 < oo, F' E W^ +1,ao with F(0) = 0, 
T E (0,oo] and u E L e T {B s pr ) n Lf(L°°). Then 

^huB lr ) < ^(1 + ll/ll^(L-)) W+1 ||i ? 'll W r W+ i,-l|/l|^ (fl8ip) - 

In addition, we present some estimates of commutators in homogeneous and inhomogeneous 
Chemin-Lerner spaces to bound commutators. 
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Proposition 2.3. Let 1 < p < oo and 1 < p < oo. T/ien i/iere exists a generic constant C > 
depending only on s,N such that 

III/, A^ILa (LP) < Cc g 2-^)||/|| J " Jbll,^;^, S € (-f - 1, f ], 

where the commutator [-, •] is defined by [f,g] = fg — gf , and the operator A := div or V. {c q } 
denotes a sequence such that ||(c g )||^i < 1, | = ^- + 

Finally, let us point out that all the properties described in the this section remain true in 
the periodic setting, see [5]. 



3 Local existence and blow-up criterion 

It is convenient to obtain the main results, we first reformulate the compressible Euler-Maxwell 
system CO]). Set 



E(t,x) = j=E(^,x), B(t,x) = ^B(j=,x)-B. 



Then the system (jl.ip can be reformulated, for classical solution W = (g±,v±,E,B), as 

' d t Q± + v± ■ Vg± + C J irQ± + 1)V • v ± = 0, 
d t v± + {^g± + l)Ve± + v± ■ Vv± = T{^E + v± x(B + B)) - -fev±, 
d t E-j^VxB = -^v+ + j=[$(g+) + g+]v+ - j=v- - j^MQ-) + Q-]v-, (3.2) 
O t B + -^VxE = 0, 

V-E = -j=m 0+ ) + g+] + ^Mq-) + Q-], V-B = 
with the initial data 

W\ t=0 = W := (g±o,v± ,E , B ) (3.3) 



satisfying the corresponding compatible conditions 



V • E = -j=[$( g+0 ) + g +0 ] + ^Mq-o) + g-o], 

V • B = 0. 



(3.4) 



Here the nonlinear function $(•) in (13. 2\i is defined by 

Hp) = ( 1 ^-p + i)^ -p- i. 

Notice that &(p) is a smooth function on the domain {p\^^-p+ 1 > 0} satisfying <3?(0) = $'(0) 
0, which is a little different from that in |23j. 
For this reformulation, we have 
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Remark 3.1. The variable change is from the open set {(n + , u+, n_,u_, E,B) G (0,+oo)xR 7V x 
(0, +00) x R N x R N x 1^} to the open set {W G R x R N x R x R N x R N x R N \ x ^-g± + 1 > 0}. 
It is easy to show that for classical solutions (n±,u±, E, B) away from vacuum, (|l.ip - (|l,2|) is 
equivalent to jH2])-(lS3]) with :l ^-q± + 1 > 0. 

The simpler case of 7 = 1 can be treated in the similar way by using the reformulation in 
terms of the enthalpy variable, see, e.g., [23]. Without loss of generality, we focus on the system 

Next, let us write (|3.2|) as a symmetric hyperbolic system. Set 

W i = (q + ,v + ,q„,v_) t , W n = (E,B) T , W = (W I ,W II ) T . 
Then (|3.2p is reduced to 

N 

d t w + J2 A j( w i) 9 *i w = L W> ( 3 - 5 ) 
3=1 

where 



/ \ 

-(^ + « + x(B + B))-l,; + 



L[W) ~ (^E + v-x(B + B))-^ 

V / 

with 



/ 


3 

V + 










\ 




+ l) 6j 


u+Pv 


















3 

v_ 


( V*- + ^7 




V 










*£Pv 


/ 



and 



Pi 



(0 



v° 






1 





1 





.4 



II 



Po 



Pj 
P/ 



7* 



1 






p 




Here py denotes the unit matrix of order JV and ej is the iV-dimensional vector where the 
jth component is one, others are zero. Prom the explicit structure of the block matrix Aj(Wi) 
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above, we see that (|3.2p is a symmetric hyperbolic system on G = {W\^^-q± + 1 > 0} in the 
sense of Priedrichs. Based on the recent work [23] for generally symmetric hyperbolic systems, 
we get the local existence and uniqueness of classical solutions W = (g±, v±, E, B), which reads 
as follows. 

Proposition 3.1. Assume that Wo £ B^ satisfying ^^-£±0 + 1 > and j3.4\ ), then there exists 
a time Tq > (depending only on the initial data) such that 

(i) Existence: the system l3.ty) - [3~3]) has a unique solution W G C 1 ([0,To] xl w ) with -^-Q± + 
1 > for all t £ [0,T ] and W £ C To (B°y) n C^-B^f 1 ); 

(ii) Blow-up criterion: if the maximal time T*(> To) of existence of such a solution is finite, 
then 

Urn sup \\W(t)\\ B sc = oo 



if and only if 



\\VW(t)\\ La *dt = oo. 



o 



Proof. From [23], it suffices to establish the blow-up criterion. We consider the symmetric system 
(|3.5|) with L(W) = for simplicity, since it is only responsible for the global well-posedness and 
large time behavior of solutions. 

Applying the homogeneous operator A q to (|3.5|) . we infer that A q W satisfies 

d t A q W + J2 A j(Wl)\d Xj W = - J2l^ A j(Wl)]W Xj , (3.6) 

3=1 3=1 

where the commutator [•, •] is defined by [/, g] := fg — gf. 

Perform the inter product with A q W on both sides of the equation (j3.6|) to get 

Af 

(A q W, A q W) t + ^(AjiW^AgW, A q W) X] 

3=1 

N 

- -2j2([KM w i)] w x j ,\W) + {A j (W I ) Xj A q W,A q W). (3.7) 

3=1 

By integrating (|3.7p with respect to x over M. N , we get 

d_ 

It 



" "A q Wf L2 < WlA^AjiW^W^W^WAgWWv + \\A j (W I ) Xj \\ L ^\\A q W\\l 2 . (3i 



Let e > be a small number. Dividing (|3.8p by (||A 9 W|||2 + e ) gives 

< || [A^AjiW^jW^ + \\A j (W I ) g)j \\L<*>\\A q W\\ I j2 

< ^(^2-^(11^(^,11^11^11^ + WMw^w^wvwh-) 

+ \\A j (W I ) X] \\ L o C \\A q W\\ L 2, (3.9) 
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where we used the stationary cases of estimates of commutator in [2](Lemma 2.100, P.112) and 
the sequence {c q (t)} satisfying ||c ? (f)||^i < 1, for all t G [0,To]. 

Taking a time integration and passing to the limit e — > 0, we arrive at 

\\W(t)\\ir° £ llWoll^c : + f T ° \\yW(r)\\ L ^\\W(r)\\^dr, (3.10) 



rZ \\ rr U\\Bn C . , ^ / II V " \' J\\L°" II rr V )\\Bi 

2,1 2,1 J 1 

since we note that the fact W(t, x) 6 0±(a bounded open convex set in ]R 4Ar+2 ) for any (t, x) 6 
[0,T Q ] x R N , see [21]. 

On the other hand, we take the L 2 -inner product on (13. 5[) with W . It is not difficult to 
obtain 

\\W(t)\\ L2 < \\W \\ L2 + [ ° \\VW(T)\\ L ^\\W(r)\\ L2 dT. (3.11) 



o 



Adding (13. 1QH to (13. 11 ^ . from (1) in Lemma l2T2| we have 

\\W(t)\\ B s % < ||Wo|| B |c i+ f T ° WW(r)\\ LX \\W(r)\\ B s % dT. (3.12) 

J 

Gronwall's inequality implies 

sup \\W(t)\\ B sc < ||Wo|| B |c exp ( / T °||V^(r)|| L ^dr). (3.13) 

te[o,r ] ' ' Wo ' 

Besides, we have the following obvious inequalities 

rT r T 



J 

Jo 



\\VW(r)\\ L ~dT < f °\\W(T)\\ K c dr<T sup \\W(t)\\ B s. (3.14) 
Jo ' te[o,T ] 



Hence the blow-up criterion follows ()3.13j) and (|3.14|) immediately. This completes Proposition 
O □ 

4 Global well-posedness 

In this section, we focus on the global existence of classical solutions to (|3.2|) - ()3.3[) . For that 
purpose, we first derive a crucial a priori estimate in the whole space, which is comprised in the 
following proposition. 

Proposition 4.1. There exist some positive constants 8±, /ii and C\ such that for any T > 0, if 

\\(Q±,v±,E,B)\\ Z¥iB s c j <5 U (4.1) 

then 

||(fifc,v±,^,£)|| £ „ (B « ei) 

- e-,u±)ll^, ( ^c) + \\(Vq±,e)\\z2 t (B |c r i) + livsilz^c^)} 

< Ci ||(fi± ,u±o,-Eb, #o) ||b*v (4-2) 
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Actually, the proof of Proposition 14.11 is to capture the dissipation rates from contributions 
of (g±,v±,E,B) in turn by using the low- and high-frequency decomposition methods. For 
clarity, we divide it into several lemmas. 

Lemma 4.1. IfW<E C T {B^\) n C\{B^ l ) is a solution of iT^D-iTO) for any T > 0, then the 
following estimate holds: 

ll H/ llL § ?(iJ- 1 )+^2||(^+^-)|lz2 (B ,c i) 



< l|WQ|| B|ri + yi|W|lz § o (S |e ) ^||(V^ + ,V^_,^)|| z , (s|r - 1) + ||(v + ,^_)[| £ , (jB|ri) j, (4.3) 

where \ii is a positive constant. 

Proof. The proof is divided into three steps. 

Step 1. The L^B^) estimates of (v+, vJ). 

Indeed, applying the homogeneous localization operator A q (q E Z) to (I3.2p . we infer that 

d t A q g + + A q divv + 

= -(v+- V)A q g + + [v+,A q ] ■ Vg + - 2=±([A q , g + ]divv + + g + A q divv + ), 

d t A q g^ + A q divv^ 

= -(v- • V)A 9 £_ + [v-,Ag] • - ^([Ag, £_]divu_ + g-Aqdiw-), 

d t A q v + + A q Vg + + -^A q v+ + -^A q E + A q v + x B 

= -{v+ ■ V)A q v+ + [v + , A q ] • Vv+ - 2^1 ([A, , g+]Vg+ + ^ + A,V^+) - A q (v+ x B), 

d t A g u_ + AqVg- + ^A 9 u_ - -^A q E - A q v- x B 

= • V)A,v_ + [u_,A 9 ] • - ^i([A g , £-]Vp_ + Q-A q VQ-) + A q (v„ x B), 

9 t A g B - -^A ? V x B 

= j^A q v+ + ^=A g [($(0 + ) + e + )u+] - ^A 9 t;_ - ^=A,[(*(g_) + 

(4.4) 

where the commutator [•, •] is defined by [/,<?] = fg — gf . 

Then multiplying the first two equations of (|4.4p by A q ^ + , A g ^_, the third one by A q v + , the 
fourth one by A q v_ , respectively, and adding the resulting equations together after integrating 
them over WL N , we get 

~\\A q (g + ,g_,v + ,V-)\\ 2 L2 + -±=\\A q (v + ,v„)\\ 2 L2 + -±=(A q E, A q v + ) - -^=(A q E, A q vJ) 

= E E ^ ( 4 - 5 ) 

i=+,- i=+- 

where we have used the facts {A q v± x B) ■ A q v± = 0. The energy functions in the right-side of 
(|4.5j) are defined by 

It it) ■= ^(divv + ,(\A q g + \ 2 + \A q v + \ 2 )) + ^^(A q g + ,Vg + - A q v + ) 
-(A q (v+ x B),A q v+), 



L 8 t A q B + ^A g V x E = 
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Jf(t) := i(div^,(|A^_| 2 + |A 9 r;_| 2 )) + ^^(A 9 £ ) _,V^-A Q 



+(A g (t;_ x B),A q v 



and 



:= ([v + ,A q }-Vg+,A q g + ) + ([v + ,A q )-Vv + ,A q v + ) 

K— (l A ?, £+]divu + , A g £»+) — ([A g , q+]Vq+, A q v + ), 



I 2 (t) := ([v_,A g ].Ve_,A,0_) + ([v_,A ff ]-Vi;_,A,i;_) 

-^-([A ? ,^_]divu-,A^_) - ^-([A g ,g_]v e -,A^_). 

On the other hand, multiplying the fifth equation of (|4.4p by A q E and the sixth one by 
A q B, and adding the resulting equations together after integrating them over 1^ impl ICS 

— HA^B)^ - -L(A q E,A q v+) + -L(A q E,A q v„) 

= E 7 3(*), (4-6) 

»=+,- 

where we used the vector formula V • (/ x g) = (V x /) ■ g — (V x g) ■ f and I^(t),I^ (t) are 
given by 

/ 3 + (t) := -±=(A q m g+ ) + Q + )v + },A q E), 



/ 3 -(t) :=--^(A,[(*(e_) + e >_],A,£). 

In what follows, we begin to bound these nonlinear terms. Firstly, with the aid of Cauchy- 
Schwartz inequality, we have 

T \I+(t)\dt 

o 

< ||(V^ + ,Vu + )|| L|(Loo) (2-' ? ||A g V^ + || L 2 (L2) ||A^ + || L?(L2) 

+2- g \\A q Vg + \\ L 2 T (L aj||A,t; + || r oo (L 2) + \\A q v + \\ L 2( L 2 ) \\A q v + |Uf?(r»)) 

+ ||A,(i; + x 5)11^(^)1^^+11^^), (4.7) 

furthermore, multiplying the factor 2 2qSc on both sides of (|4.7p gives 

c gll(^+^+)llz-(B^ 1 )(ll V ^+ll!2,(B^ 1 - 1 ) + \\ v e+k* T (B^)\\ v +k*(B^ 
+11^+11^(5-)) + C ^ V+ X ^kuB^Jv+kuB^y ( 4 - 8 ) 
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where we used the embedding properties in Lemma 12.21 and Remark 12.11 Here and below, {c q } 
denotes some sequence which satisfies ||(cg)||ji < 1 although each {c q } is possibly different in 
(|4.8p . Similarly, we have 

r T 

2 2qs < / \I^(t)\dt 
Jo 

< 4ll(e_,u_)|| £ o ?( ^c ) (||Ve-|||o ?( ^ ;r i ) + IIVe_|| £ op ( ^c-i ) ||u-||^, ( B Sri) 

+ ll«-% ( ^c)) + c >- x ^IIZ^^^II^-HZ^B-)- ( 4 - 9 ) 
Secondly, we turn to estimate the commutators occurring in I^(t). Indeed, we arrive at 

2 2qSc / \4(t)\dt 
Jo 

< 2^(||K,A g ] • V Q+ \\ l2t(l2) + ||[^ + ,A 9 ]divT; + || L , (i2) )2^- 1 )||A 9 V f?+ ||^ (i2) 

+2^(||[^ + , A Q ] • V^ + || if , Ci2) + [|[^+, A Q ]V^||^ (£/2) )2^||A^ + [|^ (i2) . (4.10) 



Taking advantage of the estimates of commutator in Proposition 12.31 we obtain 

2 2?Sc / \4(t)\dt 
Jo 

< ^IKe+.u+Jllzoo^c) 

x (|I v £+% { b 2 V) + II v ^IIz^(b 2T 1 )II^+IIz^(b- 1 ) + KHz^))- (411) 

Similarly, 

2 2 ^ f T \I^{t)\dt 
Jo 

x (ll v ^-llz|(B| ri - 1 ) + I^^-IIzkb^- 1 )^-!!^^) + (412) 

Thirdly, the composition functions I%(t) can be estimated as 

2 2qSc / l^3 + (*)l^ 
•/ o 

^ c gll^llz ? ?(^ 1 )(ll^(^+) t; +llL^(^ 1 ) + 1^+^+11^(5^)) 

~ c gll^llz-(B^ 1 )(ll $ (£ , +)IIZ2(B^ 1 ) + ll^+IIZ2,(B^ 1 ))ll i; +IIZ2,(B^ 1 ) 



C JI^IIZ-(B-)II V ^+IIZ^(B-- 1 )II^+IIZ2(B-)' ( 413 ) 
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where we used the corresponding homogeneous cases of Propositions 12. 1112.21 Similarly, 

2 2qSc < ^II^II-^^^^IV^^II^^^^^II^-II^^,^^ (4.14) 

J 

Together with the equalities ([43|) - (|4TU|) and inequalities (pTg]) - (jlUJ) . (|4TTTj) - (j4"~l4"J) . we conclude 
that there exists a constant fi2 > such that 

2 2 ^||A (? ^(t)||| 2 +^2 2 ^||(A 9 t; + ,A (? ^)||2 ?{L2) 

< 2 2qSc \\A q W \\ 2 L 2 +the right sides of {(J48]) - @2J , @H) - (@2I& } • (4.15) 

Then it follows from the classical Young's inequality {\f~f~g~ < (/ + ff)/2, /, g > 0) that 
2^||A^|| L§?(L2) +A 2 2 ,?Sc ||(A (? t; + ,A^_)|| L , (L2) 

< 2^|| ^WoIIl- + c^HWIIzoc^c) (|| VfttH^-ij + Ikill^is-))- (4-16) 
Hence, summing up (|4.16p ongGZ gives immediately 

< \\W \\ B s :i + ^IIWIIj^c) (\\(Vg + , V^-JH^^-ij + (4-17) 



^tep XTie L\(l?) estimates of (v + ,v_). 

It follows from (|3.2h and usual energy methods, we can get the equalities 

1-\\(q + ,Q-,v + ,v-)\\ 2 l2 + -^-\\(v + ,v-)\\ 2 L2 + -^p{E,v + ) - -±=(E,v-) 

= ^=-(0+,^+ • Vq+) + 2^-(q_,v- • V^_) - (Vv + ,v 2 + ) - (Vv-,v 2 _) 

> + xB,v + )|(!)_xB,4 (4.18) 



and 



4=U(*(e+) + e+Kl,^ - + <?->-],£>. (4.19) 



Combine (14~18D and (14~19D to get 



|||W||i 2 + -^||K^-)||i 2 

< ||(e+,e_)||i,oo(||v+||ia||Ve+||ia + Hv-[|i3||Ve-||ia) 
^(Vv + ,Vv-,b)\\ l ~(\\v + \\ 2 l2 + \\v-\\ 2 l2 ) 

+^($(Q + ),Q + ,$( g -),Q-)\\ L oo(\\v + \\ L i + |M| L2 )||£|| L 2. (4.20) 
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By integrating (|4.20p with respect to t £ [0, T], we obtain 

l|W|U»(L3) + (27 _ ^)^IIK^-)IL|(L2) 

< \\W Q \\ L 2 + y/\\( e+ , e _,Vv + ,Vv-,BMQ+)MQ-))\\L?(L~) 
x(ll(Ve +> Vg-)\\ L 2 m + \\(v + ,v_,E)\\ L 2 t(l ^ 

i$ ||Wb|| L 2 + ^\\(Q±,v±,B)\\z ¥ ( B s Ci) 

x(l|(Ve +> Ve-)|| L a (La) + \\(v + ,v„)\\ L 2 t(l2) + \\E\\ ZUB s Tl) y (4.21) 



Step 3. The L^-B^i) estimates of (t+, V—). 

Recently, Xu and Kawashima [M| obtained an elementary fact that indicates the connection 
between the homogeneous Chemin-Lerner's spaces and inhomogeneous Chemin-Lerner's spaces. 
Precisely, it reads as follows: let s > 0, 1 < 9,p, r < +oo. When 9 > r, it holds that 

L d T (u>)nL s T (B; tr ) = L e T (B; }r ) (4.22) 

for any T > 0. Notice this fact and (1) in Lemma l2.2( the inequality (14. 3p directly follows from 
(I4~T7|) and (l42il with fi 2 = min(/2 2 , (27-2)5). □ 

Lemma 4.2. IfW £ CriB^y) nC^B^" 1 ) i s a solution of IO)-fO) /or any T > 0, £/zen i/ie 
following estimate holds: 

We+ - e-Wfypft) + 11070+. Ve_)|| £ a (B .c-i ) 

< (ll(fifc> v ±)IIZo?(B'° 1 ) + H(e±OiV±o)||^o) + ll(v+,v-)Hz2 ( ^cj 

+||(ft±,u±,B)|| £§?(B3 e ) (||(Ve±,e+ - e-Jllz^B**- 1 ) + H(^+,^-)llz2. ( s| fi) ) • (4-23) 
Proof. The proof is divided into two claims for clarity. 
Claim 1. Under the assumptions of Lemma 14.2^ it holds that 



< 



||(V£? +) V<?-) IIzkbic-1) + \\q+- Q-W^b^t 1 ) 

{\\{Q±,V±)\\Z ¥{B sc i} + ||(0±OlV±o)|U*o ) + II(V+I«-)II^,(^C 



+ 11(^,^,5)11^0^^11^^,5+ - Ollz^Bft- 1 ) + IIK>^-)%(B*<i)J- ( 4 - 24 ) 
To do this, the first four equations of (|3.2p can be rewritten as 

9^+ + divt>+ = /+ (4.25) 

dtQ- + divt>_ = /f (4.26) 
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d t v+ + Vp+ + + —pE = f+ (4.27) 

8 t v- + + - —pE = f 2 (4.28) 



ft = 


-v+ 


■Vg + 


fl = 


—V- 


• v e _ 


ti = 


-v+ 


• Vv + 


f2 = 


— V- 





where 

^g + dwv + , 

^g+Vg+-v + x (B + B), 
^ Q -Vq-+V- x (B + B). 

Applying the inhomogeneous operator A q (q > — 1) to (|4.27p and multiplying the resulting 
equality by A q Vg+ implies 

^{A q v+,A q Vg + ) + ||A g V0+||| 2 + -\\A q Q + \\ 2 L2 - -(A q6 -,A q g + ) 

= --(A q $(g + ),A q g + ) + -(A 9 $(f>_), A q g + ) + (A q f+, A q V g+) 

7 7 

-— (A gU+ , A ? V^+) + \\A q divv + \\ 2 L2 - (A q f+,A q dwv+), (4.29) 

where we used the last equation of (|3.2p and (|4.'25 j) . 
In a similar way as above, we have 

^-{A q v.,A q Vg^) + \\A q Vg„\\ 2 L2 + -||A^_||^ 2 - -(A q g + ,A q g_) 
ut 7 7 

= — (A q <f>(g_), A g ^_) + -(A,$( e+ ), A g £?_) + (A g / 2 -, A g Vg_) 

— — (A g u_,A ff Ve_) + ||A 9 divu_||| 2 - (A,^ - , A,divu_}. (4.30) 
V7 

Furthermore, we add (|4.29|) to (|4.3U|) to get 

-((A q v + ,A q Vg + ) + (A q v-, A q Vg_)) + \\(A q V g + , A q V g_)\\ 2 L2 + -\\A qQ+ - A q g^\\ 2 L2 
= ||A 9 divu+||2 2 + ||A 9 divi;_||2 2 + ~(A q $(g+), A 9 p_ - A^+) + (A q f+,A q Vg+) 
+(A q f-,A q Vg„) + ]-(A q <l>{g_),A q g + - A q g_) - —{6^u + , A q Vg + ) 

—L(A q v-, A q Vg-) - (A q f+, A q divv + ) - (A ff /f, A g divu_). (4.31) 
^7 

From Young's inequality, there exists a constant fj,^ > such that 

-((A q v + ,A q Vg + ) + (A q v-,A q V Q -))+t4{\\{A q Vg + ,A q Vg-)\\l 2 + \\A q g+ - A^_||* 2 ) 



< 



||(A 9 divz; + , A,divt;_)||i 2 + \\(A q v + , A q v^)\\ 2 L2 + ||A,(*( e+ ) - $(Q-))\\h 

+ (||AJ+||| 2 + ||A g /+||| 2 ) + (||A g /r||i 2 + ||A g / 2 -||| 2 ). (4.32) 
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By integrating (|4.32p with respect to t E [0,T], and multiplying the factor 2 2q ( Sc ^ on both 
sides of the resulting inequality, we obtain 

/x 3 2^- 1 )(||(A ? V^ + ,A g V^)|| i | (i 2 ) + \\A q g + - A^_|| L 2 (L2) ) 

< C q {\\{Q±,V±)\\ l ^ {L2) + ||(e±0,V±o)|| B *o ) 

+c g (llK^-)lli2 (B jc i) + \M Q+ ) - Hq^Wz^s^ 

+ II -A + lli2 (B » c -i) + Wtih^B^- 1 ) + ll/i IliKs^f 1 ) + H/2 Hz^B^f 1 ))- ( 4 - 33 ) 

Now we estimate nonlinear terms in the right-side of (|4.33p in turn. Firstly, 



WflWlUBiy 1 ) ~ IK ■ V ^+HZ2,(B^ 1 - 1 ) + ll^+div^+|| Z 2 (B .c r i 



" IIv +IIl § ?(b^ 1 )II v ^+IIz^(s^ 1 - 1 ) + IKIIz-^IIIKIIz^c), ( 4 - 34 ) 



where we used Proposition 12.11 and Remark 12.11 Similarly, we have 

II A Hz^b^- 1 ) ~ IKIIz^b^II^-IIz^b^- 1 ) + IKIIz^bi^IIIKIIii^cj; ( 4 - 35 ) 



ll/a + ll^,(^e-i) ~ IK • Vu +Hz» (i^f 1 ) + IK^+llz^Bf- 1 ) + IK x (B + B)|| £ 2 (B|rrl) 
~ IKIIz^b^IKIIz^b^) + II5+Hz°?(b^ j c 1 )II V ^+IIz|,(b| j c 1 - 1 ) 

+(1 + llSll^^piKl^a (B . Ci) ; (4.36) 



H/2 IIzkbj^ 1 ) ~ H^- llz-^i^) 11^-11^2 (si^) + ll^-llx-css^ll lli^ 

+(l + ||B|| z??( ^ i) )||t;_|| 4( ^ i) . (4.37) 

To estimate the continuity of compositions 3>(f?+) — <£(£_), we need the further estimates 
rather than that in Proposition 12.21 Indeed, the Proposition 15.11 in Appendix [5] will be used, 
which is a natural generalization about the corresponding stationary case in [2]. In addition, 
we recall that is a smooth function on the domain {p\^^-p + 1 > 0} satisfying <J>'(0) = 0. 
Hence, take s = s c - 1, 9 = 2, 61 = 6> 4 = 2, 6 2 = 3 = 00, p = 2, r = 1 in flQgp to get 



ll*te+)-3(e-)llz£ (B . er i 



^ IK - HIl^l^GKIIz^b^- 1 ) + IKHZf {B?- X y 



+\\q+ - e-lli2( B | C -i)(||e+IU§?(L«') + 
< IK- e-llza^-ijClle+HioQ^j + lle-llzoo^c))- ( 4 - 38 ) 

Combining (|4.33p - (|4.38|) . we are led to the estimate 

2^- 1 )(||(A fi Ve+, A g V^)|| L 2 (L2) + ||A^ + - A^_||^ (L2) 
< C q {\\{Q±,V±)\\ l ^ {L2) + IK^icUio)!!^) + ^ll(v+»«-)llza (B .c ) 

+Pg||(e±, -B)llzgo(B*e ) (ll(Ve±, e+ - e-Ollz^Bft- 1 ) + IIK' u -)IIz|(b^))- ( 4 - 39 ) 
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Summing up (|4.39p on q > — 1, the inequality f|4.24j) is followed easily. 
Next, we give the reason that Q+ — Q- € L^B'^i). 

Claim 2. If g + - G L^B^f 1 ), {Vq+,Vq„) G L\(B s 2 ^ 1 ), then 

- e_ G ^(^i) 

and 

We+ ~ Q-h%{B%) ~ (ll( v 0+> v ^-)llz^ ( B-- 1 ) + - e-llia ( B-c-i))- (4.40) 

Indeed, by virtue of the triangle inequality, one has 

||v( e+ - ^-)ll £ | (B |c i -i ) < IKVe+.Ve-)!!^^-!), (4.41) 

which implies V(^+ — £_) G Ly(i?2 C i _1 )> furthermore, it follows from the fact (|4.22p that V{q+ ~ 
Q-) G L^B^i 1 )- According to Bernstein's inequality (Lemma l2.ip . we obtain 

We+ ~ e-kuHv ~ l|v ^ + " ^m^r 1 ) ~ H v te+ " ^Hik^- 1 )' ( 4 - 42 ) 

On the other hand, thanks to the embeddings 
we deduce that 

II q+ - q-\\l* t (lz) £\\q+- e-hi^r 1 )- ( 4 - 43 ) 

Then from the basic fact (|4.22p . the inequality (|4.40p is achieved by (|4,42p and (|4.43|) directly. 
Finally, f|4.23j) follows from (|4.24j) and (|4.4Q|) , which completes the proof of Lemma 14.21 □ 

Lemma 4.3. IfW G Cr^i) H C^B^ 1 ) is a solution of /Q |) -/E3 p for any T > 0, then the 
following estimate holds: 



\\E\\r 



j_ : ,. . . I~' . ii . J_ J li / ,11 . ^ 



< IK^i.^lll-^c) + ||(^±0,#o)||bJ= + {ll(^+,^-)llz2(B^ 1 



+II vb IIz^(b-- 2 ) + ~ 0-)llz£,(ijft) + i/IK^^i'^llz-^) 

x (||(Ve +) Ve-JH^^c-i) + ||(u + , V _)|| £3i(BSri) + ll^lliK^c-i))}, (4.44) 
Proof In fact, from (|4.27p and (|4.28j) . we have 

d t (v + - «_) + (V^ + - Vp_) + = /+ - / 2 - - - «_) (4.45) 



21 



Applying the inhomogeneous localization operator A q to (|4.45p . multiplying the resulting in- 
equality by A q E and integrating it over M. N gives 

f t (A q (v + - «_), A q E) + -^=\\A q E\\l 2 = £ m, (4-46) 



where 



Ji(t): = (A q (v + -v-),A q d t E) 



■^=\\A q (v+ - u_)||| 2 + -^={A q (v+ - v-), A,(V x B)) 
+^-(A q (v + - v-), A q [<I>{q + )v + + e+v + }) 
- — {A q (v + - V-), A q [$( g _)v_ + 



and 



J 2 (t): = -{A q (v+-v„),A q E)-(A q (V e+ -VQ-),A q E) 



1 

+(A g (f+-f^),A q E). 



Through the straight but a little tedious calculations, with the aid of Propositions I2.1H2.21 we 
can obtain 

2 2g(« c -l) / iJ^dt 

Jo 

< c 2 g \\(v+,V-)\\ 2 IUB ^ rl) +^||K,t;_)|| Z a ( ^c ) ||V X BlIzafB.e-a) 

+Cg||(^+, Q-)\\i^^ B s c -i^\\(v + ,V-)\\~ 2 (J3 * c -i) (4-47) 



2 2g( Sc -l) l' T \J 2 (t)\dt 



and 



< c^iKu+.v-JH^^-ij + 1| ( e+ - ^llz^jojll^ll^^-i) + ^11(^,^,5)11^^-1) 

Then, combining with (I4.46p - (]4.48p . we arrive at 
2 2 ^- 1 )||A^|||, (L2) 



< c 2 q (\\(v + ,v-,E)\\l ¥(B s v + ||( U+ o,u-o,^o)|||| ri) J +^||(u + ,i;-)||^ (B . c - 1) 
+^ll( v +."-)ll^,(B^)l|V x B\\z* T (B%r 2 ) + C 9(ll^+^-)lli2 (jB| c i -l ) 

+11 (e+ - ^-)IIz^(b-))|I^IIl2(b-- 1 ) + ^ll(e+.e-)ll£- ( B«e)ll(v+,« A " L> 



+c«||(e±^± ) ^)ll£o ?( B^)(l|V^±||i| (jB |c-i 3 + \\v±\\l^ t (b^) ) H^lllKB^r 1 )- (4-49) 
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Then employing Young's inequality and summing up the resulting inequality on q > — 1 con- 
cludes the inequality (|4.2ip . □ 

Lemma 4.4. IfW £ Ct(£|,i) n C\{B^ x ) is a solution of / TO)) - /TO) for any T > and, then 
the following estimate holds: 

+ II^HZ^(B^ 1 - 1 ) + ^/ll^±lll § ?(B|= 1 )(ll( U +^-)llL|(B| ri ) + H^Hz^f 2 ))}' ( 4 - 5 °) 

Proof. Indeed, multiplying both sides of the fifth equation of (|3.2|) by — A g (V x Z?), taking 
integrations in x G and using integration by parts and replacing dtA g B from the fourth 
equation of (|3.2p . we arrive at 

-|(A,(V x E),A q B) + ^=[|A,(V x B)\\\ 2 

= -^||A 9 (V x £)|| 2 2 _ -L(A^ + ,A 9 (V x B)) + -L(A,t;_,A ff (V x B)) 
V7 V7 V7 



1 



(A,[*( e+ )u+ + - A,[*( e _)u_ + A,(V x B)}, (4.51) 



where we used the vector formula V • (/ X g) = (V X /) • g — (V X g) ■ f. 
With the help of Cauchy- Schwartz inequality, we obtain 

-^(A 9 (V x E),A q B) + ^=||A,(V x B)[|| 2 
< -^||A 9 (V x £)||| 2 + -^||A^ + ,t,_)|| i2 ||A 9 (V x B)|| L2 
+-^(||A g (<I>( f?+ K)|| L2 + ||A 9 (^ + )|U 2 )||A g (V x B)\\ L2 
+±(\\A q (*( e -)v-)\\» + ||A 9 (^_)|| L2 )||A,(V x B)\\ L2 . (4.52) 



V7 

Note that the regularity of E in Lemma 14.41 we multiply (|4.52[) by the factor 2 2<? ( Sc_2 ) after 
integrating (|4.52p with respect to t € [0, T] to get 

2^- 2 )||A 9 VB|| 2 i|(i2) 



< 



^(H^llz-^f 1 )!!^!!!-^- 2 ) + H-^o IIbjc-i 1 1 -Bo IIb^-2) 



+4{\\Z\\h T{B ^) + ll(^^-)HZ|(B-)l|V^IIZ|(B 2T 



+ ] I C ^+ , ^- ) ] I z§? (s-^) 1 1 ) 1 1 (.bj^ ) 1 1 v ^ 1 1 c^i^- 2 ) ) } ' ( 4 - 53 ) 

where we notice the incompressible property of B and the elementary relation ||V/||^2 ~ ||V • 
/WllVx/IUa. 
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Furthermore, we apply Young's inequality to (|4. 53|) and obtain 

2^- 2 )||A 9 V J B|| i , (i2) 

< 0,(11(^,5)11^^^ + ||(5 ,5o)IU-) +c q {e\\VB\\ iT{B s^-2 ) + || II J^Bft) 

+ II^Hl|(b-- 1 ) + ^/ll(e+^-)||loo (B |c i) (||(w+^-)lli|,(B2c i) + ||VB||^ (i ^- 3) ) J,(4.54) 

where we take e < 1/2. 

Finally, after summing up (|4,26p on q > — 1, the desired inequality (|4.50p is followed. □ 

With the help of Lemmas l4.1ll4~4"l the inequality (|4.2p in Proposition 14. 1 1 follows, since we may 
introduce some positive constants to eliminate the terms H^llroofRSc \, ||(V^ + , V£> + )||7 2 / R s c -i-,, 

\ 2,1* 2,1 / 

||(u+, f_)|| 11^2 ( B s c •) and H-Ellja (s^^ 1 )' II^-^IIl 2 (B Sc ~ 2 ) arising in the right-hand sides of (|4.3|) . (|4.23|) . 
(|4.44j) and (14.50p . See |23| for similar details, here, we omit them for brevity. 

Having the Proposition 13.11 and Proposition 14. 1\ Theorem 11.21 (Global well-posedness) can 
be achieved by the standard boot-strap argument as in [13]. We give the outline of proof. 

Proof of Theorem II. £1 

If the initial data satisfy \\{q±q,v±q, Eq, Bq)\\ b ^ < ^, by Proposition 13. 1| then we can de- 
termine a time T\ > 0(Ti < To) such that the local solutions of (|3.2p - (|3.3|) exist in Ct^B^) 
satisfying \\{g±,v±,E,B)\\Y oa (R s c , < Si. Therefore from Proposition 14.11 the solutions sat- 

isfy the a priori estimate \\(g±,v±,E,B)\\^ < Ci\\(q±q,v±q, E , 5q)||b|c < pro- 

vided \\(q±o,v±q, Eq, Bq)\\ b ^ < So by Proposition 13.11 again, the system (j3.2|) - (|3.3|) for 

t > T\ with the initial data (g±, v±, E, B)(T\) has a unique solution (g±,v±, E, B) satisfy- 
ing \\(g±,v±,E,B)\\y x rR a e s < Si, furthermore, \\(g±, v±, E, B^lj^ fRSc , < S\. Then by 

(^,2^)^ 2,1' 1 ^2T 1 \ D 2,\) 

Proposition S?T] we have \\(g±, v±, E, B)\\ Toc ,„ Sc -. < Ci\\ (g± , v± , E , B )\\ B ^ < ^. Thus we 

2T 1 ( -- D 2,1- 1 2,1 ^ 

can continuous the same process for < t < nT\,n = 3,4, • • •, and finally get a global solution 
{,Q±,v±,E, B) satisfies 

\\(g±,v±,E,B)\\ Io0 ( B s c j 

- £ , -^±)llz2 (i j« Ci) + IKVe+.Ve-jEJUja^c-ij + IIV-BH^^} 

< Ci||(e ±0) ^±0,^0,50)11^ < |. (4.55) 

The choice of 5i is sufficient to ensure that -^-g± + 1 > 0. Taking So = min(^,^-), then 
it follows from Remark 13.11 and the embedding properties (Lemma 12. 2p that (n±,u±, E, B) E 
C 1 ([0,oo) x R ) is a unique classical solution of f)l.l[) - f)1.2|) in the whole space. 

For the periodic case, it suffice to prove the inequality (ll.5p . Recall that the definition of 
mean value / in Theorem II. 2} we set n±o = 1- Using the density equations in (ll.ip . we see that 
n± are conservative quantities for all time t > 0, so n±{t) = 1. From Poincare inequality (see, 
e.g., [§]), we have 

\\ n ± ~ MIlKl^jN)) < || Vn± ||i2(i2 (x jv)) < ||Vn ± || Z 2 (B ^-i {TJV)) . (4.56) 
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On the other hand, the Bernstein inequality (Lemma l2.ip implies 



Apply the basic fact (|4.22j) again and get 



< l|Vn±||r 



L2(S|c-i( T ^))- 



(4.57) 



\\ U ± ^11^2(^^(1-^)) ~ H Vn ±llL2( B ^-l( T iV))- (4.58) 

Hence, (|1.5p follows from (|4.58p and (|1.4p readily. This completes Theorem 11.21 eventually. □ 



5 Appendix 



In the last section, we present a remark on the continuity for compositions in Chemin-Lerner 
spaces. The corresponding stationary cases have been shown in [2] (see Corollary 2.66, P.97 and 
Corollary 2.91, P. 105). Precisely, we have 

Proposition 5.1. Let s > 0, 1 < p, r, 6, 9 X , 6 2 , 6> 3 , 64 < 00, F" G wj^ c +1,00 (I;R) with F'(0) = 
and T E (0, 00]. Then 



wm - n 9 )\\ mBlr) 



^ (1 + II/IIl§?(l°°) + \\g\\L™(L°°)) [sl \\f || w -w+i,.»( k ll/-^|| z ,«i (z , 00 ) 
x sup h + K if - Mi^ {B s r) + \\f - 9\\i<h {B s r) su p \\g + K(f 



KG [0,1] 



re6[0,l] 



'4 3 (i°°)>" 



(5.1) 



where 



1 _ 1 11 1 

6 0i 62 #3 #4 



Proof. Following from their suggestions in [2], we give the natural generalization. Note that the 
classical equality 



F{f) - F(g) = (f-g) f F'{g + K (f - g))d K , 

Jo 

it follows from Proposition 12.11 and 12.21 that 



(5.2) 



< 



I F'(g + «(/ - g))dn 
Jo 



+ 



f F'{g + K{f-g))dn 
Jo 



L T 3 (L°°) T \ a v,r> 



(5.3) 



where 



/ F'(g + K (f-g))dK 
Jo 
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< sup \\F'{g + K{f -g))\\~e 2 
«e[o,i] 1 p' r; 



< sup (l + ||5 + K(/-5)llL ?? (L-)) [S|+1 ||i ?// |lvKW+ 1 ,-ll5 + «(/- 
KS[0,1] V 

< (i + + II5'IIl2?(l°°)) [s1+1 II^ 1// IIh/w+i.°° su p + 

KG [0,1] 



4 2 (#!,r) 



(5.4) 



L 9 T 3 (L°°) 

4 (Loo) 



and 

f F'(g + K(f-g))dK 
Jo 

< sup + 

Kg [0,1] 

< ||F"|| L oo sup ||s + || L % r/ooV 

«6[0,1] t( j 

Therefore, (15.ip follows from (15.3H . (15. 4j) and (15. 5ft readily. 

Similarly, let us also mention the case in homogeneous Chemin-Lerner spaces. 



(5.5) 
□ 



Proposition 5.2. Let s > 0, 1 < p, r, 0, 6q, 6» 2 , 6>3, #4 < 00, F" G J^ +1 '°°(I;R) with F'(0) = 
and T E (0,oo]. Besides, let s < N/p or s = N/p and r = 1. T/ien 

ITO)-^)llz^, r) 



< (1 + ll/IU-^) + ll5llL ? ?(L-)) [sl+1 ||i ?,, || H /W + i,o (||/ " ^ll^! 



x sup \\g + K(f 
«e[o,i] 



'4 2 (%,) + !l/ " 5|I 4(%,) K s e ^ 115 + K(/ " ^)H4 3 (^) 



(5.6) 



where 



1 _ 1 111 

# #1 #2 $3 $4 
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